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It is shown how in a high-temperature superconductor, the length of the Fermi arc can be obtained from the
doping dependence of the pseudogap and the superconducting gap. In the momentum region spanned by the
Fermi arc, the pseudogap temperature dependence follows that of the superconducting gap. The close inter-
connection of the two gaps suggests that they are both an essential part of the high-temperature
superconductivity.
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I. INTRODUCTION

Since their discovery,1 high-temperature superconductors
�HTSC� have been actively investigated. Among the most
puzzling properties exhibited by them are two gaps, the so-
called pseudogap,2,3 which, with respect to temperature, ex-
tends well into the nonsuperconducting regime and the su-
perconducting gap, which can be considered as the order
parameter because it follows Tc.

2,4,5 In this paper, we call the
superconducting gap the excitation energy, which is often
called the magnetic resonance energy.6,7

There are two views with respect to the two gaps ob-
served in the HTSC.8 One assumes that the pseudogap
has nothing to do with the superconductivity but rather
reflects the occurrence of competing order. The other one
assumes that the pseudogap is a necessary ingredient of
superconductivity.9–12 In this paper, the second view is as-
sumed for the following reason: The doping dependence of
Tc can be calculated as the product of the �free� charge car-
rier density and the pseudogap energy, leading to a parabolic
dependence of Tc on the doping x.11 It will be shown that the
length of the Fermi arc at Tc can be estimated by intercon-
necting the pseudogap and the superconducting gap. In addi-
tion, the assumption that the pseudogap states are �above Tc�
the precursor states to superconductivity gives a natural cou-
pling mechanism for the HTSC. Most of this is missing in
the competing order scenario8 and, therefore, we prefer a
picture where the pseudogap is a necessary building compo-
nent of the HTSC.

In this paper, we refer to the value 2� as the total gap and
call it the pseudogap energy �Epg� and the superconducting
energy �Esc�, respectively. This choice of nomenclature is
made because only the value 2� has been measured so far
for the superconducting gap such as, e.g., by neutron or Ra-
man scattering.6,7 As a consequence, it seems advisable to
define also the pseudogap by its full value. In many experi-
ments such as, e.g., angle-resolved photoemission spectros-
copy �ARPES�,3 only half the energy, namely �, is measured
because this is a one-electron spectroscopy and determines
the energy of the electron left behind.3

The pseudogap and the superconducting energies have
different doping dependencies,2,4,8 as shown in Fig. 1�a�. The
pseudogap energy exhibits an approximately linear doping
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FIG. 1. �a� Phase diagram of a HTSC. The pseudogaps for an
UD sample and an OD sample, with the same transition temperature
Tc, are indicated, �b� The angular dependence of the superconduct-
ing and the two pseudogap energies from the top part of the figure.
The Fermi-arc lengths �45°−�� are constructed for both cases.
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dependence, starting with zero at about x=0.27 and increas-
ing to its maximum value at x=0.05 �for systems with a
maximum Tc�95 K; the value Epg�x=0.05�=168 meV is
slightly larger than the one originally quoted �152 meV� due
to a different fitting routine used here: Instead of a free fit to
the data, as performed in Ref. 4, it was assumed that the Epg
line is the tangent of the Esc parabola at x=0.27�. On the
other hand, the superconducting energy �or the order param-
eter� has a parabolic doping dependence, going to zero at
maximum and minimum doping. The two gaps are related to
Esc=EpgD, with D describing the charge carrier density.5,9–11

Both curves in Fig. 1�a� are the average of data from many
different experimental techniques.

The pseudogap energy is always larger than the supercon-
ducting energy. This shows that the HTSC are not classical
BCS superconductors but rather represent systems interme-
diate between a BCS and a Bose–Einstein �BE�
condensate.12–14 The BCS situation is a rather a unique one
in that the coupling energy of two electrons to a boson is also
the order parameter. In a BE system, on the other hand, there
are always two energies connected with the condensate: the
coupling energy of the two electrons to a boson, which can
be very large compared to the second energy, and the con-
densation energy, which represents the order parameter. For
example, in liquid He, the condensation energy is 2 K �0.2
meV� while the binding energy for the boson is 20 eV, which
gives a value of 100 000 for the ratio of the coupling and
condensation energies. Figure 1�a� shows that in the HTSC,
the ratio of the coupling energy to the condensation energy
ranges from 1 at x=0.27 to infinity at x=0.05.

One-electron spectroscopies such as ARPES or scanning
tunnel microscope3,15 �STM� probe half the pseudogap en-
ergy because they determine the break up of a pair of elec-
trons. These techniques cannot measure �in the one-electron
mode� the order parameter or the superconducting energy
because, in the HTSC, the break up energy of a boson is
always larger than the boson condensation energy, which de-
termines the superconducting properties.

On the other hand, Andreev reflection16 measures the in-
jection of a pair of electrons into the superconducting con-
densate and, therefore, it measures the superconducting en-
ergy �a pair of electrons�. The neutron and Raman
scattering6,7 are the reverse processes in which they measure
the energy needed to remove a boson from the condensate.

From the theoretical point of view, the curves in Fig. 1�a�
are well reproduced by theories9,10 based on the original con-
cept of the resonating valence bond theory.17 While the gen-
eral concept that explains the physics of the HTSC seems to
be established, there are numerous details that still have to be
worked out. In this paper, the temperature dependence of the
ARPES spectra in the Fermi-arc regime will be
analyzed,18–20 showing that the pseudogap and the supercon-
ducting energies are intimately connected.

II. TEMPERATURE DEPENDENCE OF THE PSEUDOGAP
AND SUPERCONDUCTING ENERGIES

The pseudogap represents incoherent pairs of electrons
produced from the Zhang–Rice singulets.21,22 With increas-

ing temperature, their antiferromagnetic coupling is broken
up and disappears2 at the so-called pseudogap temperature
T�, which is larger than Tc. If measured at the position of its
maximum near the antinodal point �� /0� by ARPES3 or
STM15 experiments, the magnitude of the pseudogap has
only little changes if the sample goes from the superconduct-
ing into the normal conducting state because this transition is
driven by the superconducting energy, which is smaller than
the pseudogap energy. This near constancy of the pseudogap
energy near the antinodal point in going through the super-
conducting temperature has given rise to the notion that in
going from above Tc to below Tc, the pseudogap changes
smoothly into the superconducting gap.3,15 This statement
seems to be invalid because a one-electron spectroscopy such
as ARPES measures the pseudogap energy and not the two
electron superconducting energy. This latter energy is mea-
sured in Raman �B2g symmetry� or neutron scattering experi-
ments.

The interpretation of the neutron data is by no means
established at this point.23,24 It is only the resonance that
vanishes at Tc �or near Tc� while other parts of the spectra
persist above Tc. In addition, there is a dispersion of the
resonance that has to be accounted for. Then, it is not obvi-
ous how the singlet triplet excitation couples to the supercon-
ductivity. Finally, the signal is only a few percent from what
is expected from the sum rule.

In a recent paper, Lee et al.18 found, by ARPES experi-
ments, a second gap in the HTSC Bi2212 near the nodal
direction, which exhibits the typical BCS temperature depen-
dence, namely, vanishing at Tc. They contrast this gap with
the pseudogap observed near the antinodal direction, which
does not change its magnitude in going through Tc. In their
experiments, Lee et al.18 worked closely to �=45° �the defi-
nition of � is indicated in Fig. 1�b��. It is not easy to under-
stand why the same experiment �ARPES� should measure
the pseudogap near �� /0� and the superconducting gap near
�� /2 /� /2�. In this paper, it will be shown that the ARPES
always probes the pseudogap and that, however, its tempera-
ture dependence is different in different regions of the Fermi
surface.

The general reasoning for the analysis of the ARPES ex-
periment is given in Fig. 1. In Fig. 1�a�, the pseudogaps
Epg�OD� in the overdoped and Epg�UD� in the underdoped
branches of the phase diagram and the corresponding
Esc�UD�=Esc�OD� are indicated for one particular Tc smaller
than the maximum Tc. In Fig. 1�b�, the well-known aniso-
tropy of the two pseudogap energies �Epg�UD� and
Epg�OD��, and the superconducting energy �Esc�UD�
=Esc�OD��, are shown and measured as a function of the
angle � �counted from the antinodal point with �=0° to the
nodal point with �=45°�. The maximum values are at �
=0° �antinodal direction� and decrease to zero at �=45° with
a cos�2�� dependence. Figure 1�b� shows that the maximum
superconducting energy Esc�UD�=Esc�OD� intersects the
two different Epg��� curves at different angles �FA�OD� and
�FA�UD� that give the length of the so-called Fermi arcs
�measured from 45°, thus, being 45°−�� and, as verified by
the experiment, the arc is longer for the OD sample than for
the UD sample.19,20

The Fermi arcs are pieces of the Fermi surface that occur
“abruptly” at Tc out of the nodal points. For T�Tc, the
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length of the Fermi arcs is temperature dependent and they
develop into a full Fermi surface at T�. The general T /T�

dependence of the length of the Fermi arcs shows that their
lengthening is a thermally activated process.19,20

The temperature dependence of the pseudogap energy for
an angle � larger than the Fermi-arc angle will follow the
temperature dependence of the superconducting energy be-
cause, in this � regime, the maximum superconducting en-
ergy is larger than the pseudogap energy and the former one
determines the thermodynamic behavior of the system below
Tc. This is in accordance with the development of the Fermi
arcs in that near nodal area.

Therefore, the closing of the superconducting gap �or the
disappearance of the superconducting energy� leads, in the
region of the Fermi surface given by Epg����Esc��=0�, to a
simultaneous closing of the �smaller� pseudogap. This region
is larger in the OD sample than in the UD sample �see Fig.
1�b��.

These general considerations will now be adapted to the
experiment of Lee et al.18 They performed their experiment
on a UD92 sample near the nodal point with relatively small
pseudogap energies of 34, 28, and 20 meV. The maximum
pseudogap energy for their 92 K sample is around 80 meV
�from Fig. 2�b� of Ref. 18� at �=0° �the authors give, in their
study, � instead of 2�, which was used here�. The supercon-
ducting energy of their system can be estimated as �46�8�
meV at �=0° from Fig. 3�b� in Ref. 18.

A brief remark with respect to the numbers to be dis-
cussed is important. If one determines the low temperature
ARPES gap values for the cuts C1, C2, and C3 �from Fig.
2�d� in Ref. 18�, one gets 20 �point A�, 34 �point B�, and 28
meV �point C� �note that these are twice the numbers given
by the authors due to our use of 2��. However, if one uses
Fig. 3�a� from Ref. 18 to extract the same numbers, one finds
16 �point A�, 36 �point B�, and 24 meV �point C�. It is em-
phasized that this statement is not intended as a criticism of
the authors of Ref. 18, but it is made in order to give the
reader an idea of the error bars of data in this field.

In order to document an example for the scatter of the
numbers, Table I compares the Fermi angles that are derived
from the data in Ref. 18 by different procedures. If one de-
termines the Fermi angles for the data points A, B, and C,
indicated in Fig. 2�d�, one obtains �=35°, 30°, and 33°, as
measured from the antinodal direction �column 2 of Table I�.
If one assumes a d-wave behavior for the gap, the experi-
mental values �Fig. 2�d� in Ref. 18� for the gaps of 20 �point
A�, 34 �point B�, and 28 meV �point C� lead together with a
zero angle ��=0°� gap of 80 meV �Fig. 3�b� in Ref. 18� to
angles of 38° �point A�, 32° �point B�, and 35° �point C� �last
column of Table I�. In contrast, for a zero angle gap of 99.3
meV �as deduced from Fig. 1�a� via the Tc=92 K value of
the sample� the same procedure results in angles of 39°
�point A�, 35° �point B�, and 37° �point C� �column 4 of
Table I�. While these kinds of inconsistencies are not unusual
in the field and probably unavoidable, one has to be aware of
them.

Here, the experimental data from Refs. 18–20 are com-
pared to the results of the model given in Fig. 1, with a linear
doping dependence of the pseudogap energy Epg
=168 /0.22�0.27−x� �in meV� and a parabolic doping depen-

dence of the superconducting energy Esc=42�1−82.64· �x
−0.16�2� �in meV�. In view of the spread in the experimental
data, as indicated above, we use the values obtained from the
straight lines in Fig. 1 �column 4 of Table I� in order to get a
more general picture of the situation.

For an analysis of the data of Lee et al.,18 Fig. 1 is now
redrawn with the specific parameters of their experiment,
namely, a UD92 Bi2212 sample. The doping of the sample
�x=0.14� was determined by the intersection of the T
=92 K line with the Esc parabola in the underdoped region.
Taking the numbers from Fig. 2�a�, this sample has a maxi-
mum pseudogap energy of about 99.3 meV and a corre-
sponding superconducting energy of 40.7 meV �cf., full lines
in Fig. 2�a��. According to Fig. 2�b�, these values result in a
Fermi-arc angle of �=33° �note that a small Fermi-arc angle
gives a large Fermi-arc length�.

The temperature dependent gaps were measured by Lee
et al.18 for the UD92 sample at �=39° �point A�, 35° �point
B�, and 37° �point C�, if one takes the numbers from column
4 of Table I. All values are situated in the � region above
�=33°, where the Fermi arc occurs at T=Tc. Therefore, Lee
et al.18 have measured the temperature dependence of
pseudogap energies �34, 28, and 20 meV� all smaller than the
superconducting energy for the UD92 sample, which is 40.7
meV from Fig. 1�a�. Thus, they see the thermodynamics gov-
erned by the superconducting energy scale and not that of the
pseudogap energy scale. Their observation is not unexpected
because the collapse of the pseudogap at Tc into the Fermi
arc is a well documented fact19,20 and Lee et al.18 are seeing
exactly this collapse of the pseudogap. This, however, does
not qualify their gap as a new gap �note that the reasoning is
also valid if one takes the numbers from column two or five
of Table I�.

For an additional check on the arguments presented here,
one can refer to the data listed in Table II. If one determines
the superconducting energy, according to Fig. 1�b�, as the
pseudogap energy �measured in a one-electron experiment�
at which the Fermi arc develops just above Tc, one gets from
the data of Lee et al.18 for their three samples �UD92, UD75,
and OD86� and for two additional ones �UD80 and UD67� of

TABLE I. Data for UD92 sample, as given by Ref. 18 and by
this work; �min=27° taken from Fig. 3�b� of Ref. 18; �min=33°
from cos�2�min�=40.7 meV /99.3 meV as taken from Fig. 2�b�;
�min=27° from cos�2�min�=46 meV /80 meV, as taken from Ref.
18;

1 2 3 4 5

� a

��min=27°�
Epg

max��� a � b

��min=30°�
� c

��min=27°�

A 35° 20 meV 39° 38°

B 30° 34 meV 35° 32°

C 33° 28 meV 37° 35°

aValues taken from Fig. 2�d� of Ref. 18.
bCalculated from cos�2��=Epg

max��� /Epg��=0�, with Epg��=0�
=99.3 meV for the UD92 sample from Fig. 1�a� of this work.
cCalculated from cos�2��=Epg

max��� /Epg��=0�, with Epg��=0�
=80 meV for the UD92 sample from Fig. 3�a� of Ref. 18.
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Kanigel et al.19 a ratio for 2� /kTc=5.4�0.4. This is in
agreement with the directly measured value of 5.2�0.5.7

Both studies18,19 report the on data only for about 10 K above

Tc, which leads to a slight enhancement of the Fermi-arc
length relative to its value directly above Tc. Therefore, the
gap may be overestimated by this method, which is reflected
by the slightly larger ratio with respect to the directly mea-
sured one.

In order to validate the arguments discussed here, some
additional data from Refs. 18 and 19 are collected in Table
III. In this table, the Fermi-arc angles �measured from the
antinode� that are taken from the spectra are compared to
those that are obtained by the method outlined in Fig. 1. In
view of the apparent uncertainties involved in the procedure,
the agreement between the different methods is gratifying.
Therefore, the connection derived for the pseudogap and the
superconducting energy in Figs. 1 and 2 is valid.

In addition, Table III contains the doping of the samples
as determined by the commonly employed parabolic relation
with Tc �Fig. 1�. Finally, the length of the Fermi arc at Tc is
given in degrees, as measured from �� /2 /� /2�, which is
45°−� �in Table III, the indices �a�—�e� represent the data
taken from Refs. 18 and 19 while the indices �f�—�h� repre-
sent the results as calculated from the general curves in Fig.
1�a��.

In order to check the internal consistency of the data, it
was attempted to construct the doping dependence of the
Fermi-arc length by the procedure indicated in Fig. 1, i.e.,
via the crossover of Epg cos�2�� and Esc��=0� for a particu-
lar doping x. This procedure results in the curve shown in
Fig. 3 for the Fermi-arc angle � �or the Fermi-arc length,
namely, 45°−�� as a function of the doping x. This curve has
been obtained by using the straight line and the parabola in
Fig. 1�a� which represents the averaged curves obtained by
many methods for HTSC systems with a maximum Tc of 95
K and a maximum superconducting energy of 42 meV. Fig-
ure 3 also includes the data from Refs. 18 and 19. While the
agreement between the simulation and the experiment is not
impressive, the predicted trends are reproduced. This yields
further support for the model on which the construction in
Fig. 3 is based,: two gaps that both have a d-wave symmetry
and the correlation of both gaps via the charge carrier den-
sity.

In Fig. 4, we finally present some data in support of the
finding of Kanigel et al.20 that the decay of the pseudogap is
a thermally activated process. The data refer to the
pseudogaps reported in Refs. 18 and 19 and the temperature
�T�� at which they disappear. This yields a straight line in
Fig. 4, supporting the assumption that the decay of the
pseudogap is a thermally activated process. The triangles are
the antinodal pseudogaps and their pseudogap temperature
for the UD80 and UD67 samples from Ref. 19. The circles
are from the UD75, OD86, and UD92 samples from Ref. 18
for the Fermi-arc angles observed at 85, 93, and 102 K �all
above Tc�, respectively. The crosses are taken from Ref. 19 at
Fermi-arc angles for the UD67 sample at 80 and 102 K, and
for the UD80 sample at 90 K.

III. SUMMARY

A recently detected gap near the node by ARPES is not
the superconducting gap �as has been stated� but the

TABLE II. Superconductivity gap �sc and Tc, taken for a num-
ber of Bi2212 samples from Refs. 18 and 19.

�sc at the Fermi arc
�in meV/in K�

Tc�K� 2�sc /kTc

15 meV/180 Ka 67 5.2

18 meV/216 Ka 82 5.1

23 meV/276 Kb 92 5.8

22 meV/264 Kb 86 5.9

16 meV/192 Kb 75 5.0

5.4 average

aReference 19.
bReference 18.
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pseudogap. Yet, it follows the temperature dependence of the
superconducting gap because, at the respective position in k
space in the experimental conditions of Lee et al.,18 it is
smaller than the �maximum� superconducting gap. This lends
further support to the two gap model of the HTSC.8 In addi-
tion, it is demonstrated that the Fermi arc of a HTSC system

at the angle � can be calculated by setting equally the super-
conducting energy of a system and the term Epg cos�2�� for
the doping x of the sample.

We summarize the present understanding of the HTSC
systems: The phase diagram in Fig. 1�a� shows that their
pairing energy �pseudogap� is different from the supercon-
ducting energy �order parameter�, where the latter one is
given as the product of the pseudogap and the charge carrier

TABLE III. Connection of the Fermi arcs with the pseudogap energy and the superconducting energy in
Bi2212 samples

UD92 UD75 OD86 UD80 UD67

� a 27° 35° 25° 23° 35°

Doping x b 0.140 0.110 0.195 0.116 0.100

Esc /2 c�meV� 23 16 22 21 17

Epg /2 d�meV� 40 55 33 35 50

Fermi-arc angle
� e

27° 37° 24° 27° 35°

Fermi-arc length
45°−� e

18° 8° 21° 18° 10°

Epg /2 f�meV� 50 61 29 59 65

Esc /2 g�meV� 20 17 19 18 15

Fermi-arc angle � h 33° 37° 25° 36° 38°

Fermi-arc length
45°−� h

12° 8° 20° 9° 7°

Reference 18 18 18 19 19

aFrom the Fermi-arc length in Refs. 18 and 19.
bFrom the experimental Tc via Tc=95�1−82.6�x−0.16�2� �in kelvins� in Fig. 1�a�.
cFrom the experiment at Fermi-arc length.
dExperimental values at �=0°.
eFrom cos�2��=Esc /Epg.
fFrom the general curve in Fig. 1�a� Epg=168 /0.22�0.27−x� in �meV� and the experimental Tc.
gFrom the experimental Tc via kTc=Esc /5.1.
hFrom the model cos�2��=Esc /Epg.
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density. This characterizes the HTSC as Bose–Einstein
systems;12–14 however, near to the BCS region. Figure 1�b�
shows that the two gaps have a cos�2�� behavior where � is
the angle with respect to the antinodal direction in the CuO2
plaquette. From Figs. 1�a� and 1�b�, it can be seen that in a
temperature regime between Tc and T� �T� describing the
temperature at which the pseudogap disappears�, the Fermi
arcs must occur for each doping between the nodal point and
a � value larger than Esc=Epg cos�2��. This is in accordance
with the experimental results.

Considering all these observations, the HTSC can be de-
scribed within the framework developed from the resonating
valence bond concept.9,10,17 This approach assumes that the
superconducting state develops out of the insulating antifer-
romagnetic state. The doping of the antiferromagnetic state
leads to singulets and their energy is measured by the
pseudogap energy. The superconducting transition tempera-

ture is then given by the product of the pseudogap energy
�decreasing linearly with increasing doping� and the charge
carrier density �increasing linearly with doping� leading to
the observed quadratic doping dependence of Tc.

9–11 In the
regime, Tc�T�T� superconducting fluctuations occur as
measured by the Nernst effect.25
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